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> Introduction <

Input: Approval Ballots

Set of candidates: A,B,C,D

Each voter indicates which candidates they approve of:

A B B CA B D BA B

A C D A BB C A B C
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> Introduction <

Input: Approval Ballots

A B C D
4 ×
4 ×
3 ×
1 ×
1 ×
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> Introduction <

Output: Candidate axis

A B CD ▷ ▷ ▷



DC
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> Introduction <

Output: Candidate axis

AB▷ ▷ ▷
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> Introduction <

The ideal case

A B C D
4 ×
4 ×
3 ×
1 ×
1 ×
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> Introduction <

The ideal case

A B CD
4 ×
4 ×
3 ×
1 ×
1 ×

Candidate Interval (CI) property [Elkind and Lackner, 2015]

▷ ▷ ▷
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> Introduction <

The realistic case

A B C D
4 ×
4 ×
3 ×
1 ×
1 ×
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> Introduction <

The realistic case

A B C D
4 ×
4 ×
3 ×
1 ×
1 ×

▷ ▷ ▷
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> Introduction <

The realistic case

A B CD
4 ×
4 ×
3 ×
1 ×
1 ×

▷ ▷ ▷
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> Introduction <

Related work: Near single-peakedness

A ≻ B≻ C ≻ D4 ×
4 ×
3 ×
1 ×

B ≻ A≻ C ≻ D

C ≻ D≻ B ≻ A

C ≻ B≻ D ≻ A

A B CD

Various rules were introduced [Niemi, 1969; Elkind and Lackner, 2014; Faliszewski et al., 2014; 
Erdélyi et al., 2017; Escoffier et al., 2021].

Axiomatic Analysis [Tydrichová, 2023 ].

Empirically, methods were not very convincing [Escoffier et al., 2021].

▷ ▷ ▷
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> Introduction <

Motivation: Politics

How to order political parties/politicians based on…

…approval preferences of voters? [Lebon et al., 2017; Baujard and Lebon, 2022]

…their votes on bills in the parliament?
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> Introduction <

Motivation: Much more than politics…

0 0 0 1 1 1 1 0 0 0

0 1 1 0 1 1 0 0 0 0

1 1 0 0 0 0 1 1 1 1

0 1 0 1 1 0 1 1 1 0

0 0 0 0 1 1 1 1 1 1

Vo
te

rs

Candidates

Parliament (votes of parties on bills).

Archeological seriation (presence of 
drawing styles on artifacts).

Geological relative dating (presence 
of fossils in geological strata).

Scheduling (keywords of talks).



[1] Axes rules
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> Rules <

Formal definitions and notations (1)

𝒏 voters 𝑉 = {1,… , 𝑛} and 𝒎 candidates 𝐶 = {𝑐1, … , 𝑐𝑚}.

Preference profile of Approval ballots 𝑃 = (𝐴1, … , 𝐴𝑛) with 𝐴𝑖 ⊆ 𝐶.

We want to obtain an Axis (ordering of candidates) ▷ ∈ 𝐿 𝐶 .

The direction of an axis is irrelevant (e.g., ABCD = DCBA).

An axis rule takes as input a preference profile and return a set of axes.



16

> Rules <

Formal definitions and notations (2)

A BD ▷ ▷

𝐴1

𝐴2

Interval of the axis

Candidate A is interfering

A ballot is an interval of a given axis if no candidate is 
interfering on this ballot for this axis.
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> Rules <

Axis rules: Voter Deletion

Voter Deletion (VD): select the axes that minimize the number of ballots to 
delete from the profile to have only intervals of these axes.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×
1 ×

A B CD ▷ ▷▷
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> Rules <

Axis rules: Voter Deletion

Voter Deletion (VD): select the axes that minimize the number of ballots to 
delete from the profile to have only intervals of these axes.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×
1 ×

A B CD ▷ ▷▷



19

> Rules <

Axis rules: Ballot Completion [Lebon et al, 2017]

Ballot Completion (BC): select the axes that minimize the number of 
candidates to add to the approval ballots to have only intervals of these axes.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×
1 ×

A B CD ▷ ▷▷
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> Rules <

Ballot Completion (BC): select the axes that minimize the number of 
candidates to add to the approval ballots to have only intervals of these axes.

Axis rules: Ballot Completion [Lebon et al, 2017]

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×
1 ×

A B CD ▷ ▷▷
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> Rules <

The family of Scoring rules

Scoring rules rely on a cost function cost(𝐴,▷) which associates every 
ballot 𝐴 ⊆ 𝐶 and axis ▷ to a cost.

Then, they select axes minimizing the total cost.

𝑅 𝑃 = 𝑎𝑟𝑔𝑚𝑖𝑛▷෍

𝑖∈𝑉

cost 𝐴,▷ .

cost𝐕𝐃 𝑨,▷ = 0 if 𝐴 is an interval of ▷ and 1 otherwise.  

cost𝐁𝐂 𝑨,▷ = |{𝑏 ∉ 𝐴 ∣ 𝑎 ▷ 𝑏 ▷ 𝑐 for some 𝑎, 𝑐 ∈ 𝐴}|.
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> Rules <

Axis rules: Minimum Flips

Minimum Flips (MF): select the axes that minimize the number of candidates 
to add or remove to the approval ballots to have only intervals of these axes.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷
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> Rules <

Axis rules: Minimum Swaps

Minimum Swaps (MS): the cost of a ballot for an axis is the number of swaps 
of adjacent candidates on the axis that must be preformed for the approval 
ballot to be an interval of the axis.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷

Total cost: 𝟕 swaps
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> Rules <

Axis rules: Forbidden Triples

Forbidden Triples (FT): select the axes that minimize the total number of 
Forbidden Triples.

A B C D▷ ▷ ▷ E F▷ ▷

4 forbidden 
triples



25

> Rules <

Relationship between cost functions

For 3 candidates…

For 4 candidates…

For 𝒎 ≥ 𝟓 candidates…

VD = MF = BC = MS = FT

VD = MF ≤ BC = MS ≤ FT

VD ≤ MF ≤ BC ≤ MS ≤ FT
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> Rules <

Complexity of axis rules

It is NP-hard to compute the optimal axes for any of these rules, even in 
profiles in which every voter approves at most 2 candidates [Booth, 1975].



[2] Axiomatic Analysis
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> Axioms <

Axiom: Consistency with linearity

An axis rule satisfies consistency with linearity if whenever there exists an 
axis for which all ballots are interval, it return all such axes.

4 ×
4 ×
3 ×
1 ×
1 ×

A B C D▷ ▷ ▷ VD

BC

MF

MS

FT
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> Axioms <

Axiom: Monotonicity

An axis rule satisfies ballot monotonicity if whenever an axis ▷ is selected 
for a profile 𝑃, it is still selected if we replace a non-interval ballot 𝐴 by:

𝐴′ = 𝐴 ∪ {𝑥 ∈ 𝐶 ∣ ∃𝑎, 𝑏 ∈ 𝐴, 𝑎 ▷ 𝑥 ▷ 𝑏}

4 ×
4 ×
3 ×
1 ×

A B C D▷ ▷ ▷

4 ×
4 ×
3 ×
1 ×

A B C D▷ ▷ ▷
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> Axioms <

Axiom: Monotonicity

Voter Deletion (VD) and Ballot Completion (BC) satisfy this axiom, but not 
MS, MF and FT.

Proof idea (Voter Deletion).

For all axes, we are only changing the cost of the altered ballot.

For Voter Deletion, this cost can change of at most 1.

The cost of the optimal axis goes from 1 to 0 (since the ballot is 
now an interval).
Thus, the cost of optimal axis remains minimal.
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> Axioms <

Axiom: Monotonicity

Voter Deletion (VD) and Ballot Completion (BC) satisfy this axiom, but not 
MS, MF and FT.

Proof idea (Ballot Completion).

For all axis, we are only changing the cost of the altered ballot.

For Ballot Completion, this cost can change of at most 𝒌 (the 
number of interfering candidates on the altered ballot).
The cost of the optimal axis goes from 𝒌 to 0 (since the ballot is 
now an interval).
Thus, the cost of optimal axis remains minimal.
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> Axioms <

Definition: clones

A B C D
4 ×
4 ×
3 ×
1 ×
1 ×

β
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> Axioms <

Axiom: Independence of clones

An axis rule satisfies independence of clones if an axis ▷ is selected for a 
profile 𝑃 containing clones if and only if its reduction  ▷−𝛽 when removing 
one of the clones is selected in the profile 𝑃−𝛽 in which this clone is removed.

4 ×
4 ×
3 ×
1 ×

A B C Dβ

A B C D▷ ▷ ▷▷ β

is selected.
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> Axioms <

Axiom: Independence of clones

An axis rule satisfies independence of clones if an axis ▷ is selected for a 
profile 𝑃 containing clones if and only if its reduction  ▷−𝛽 when removing 
one of the clones is selected in the profile 𝑃−𝛽 in which this clone is removed.

4 ×
4 ×
3 ×
1 ×

A B C D

A B C D▷ ▷ ▷

is selected.
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> Axioms <

Characterization of Voter Deletion

Voter Deletion (VD) is the only neutral axis scoring rule that satisfies 
(1) consistency with linearity, (2) ballot monotonicity and (3) 
independence of clones.
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> Axioms <

Axiom: Clone-proximity

An axis rule satisfies clone-proximity if for any profile 𝑃 in which two 
candidates 𝑎 and 𝑎’ are clones, then for all optimal axis ▷, if there exists a 
candidate c such that 𝑎 ▷ 𝑐 ▷ 𝑎′, then c is always approved when 𝑎 and 𝑎’
are approved. 

A B C D▷ ▷ ▷▷ β

A B C D▷ ▷ ▷ ▷ β

Okay

Not okay
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> Axioms <

Incompatibility of clone axioms

There is no neutral axis scoring rule that satisfies (1) consistency 
with linearity, (2) independence of clones and (3) clone-proximity.

Voter Deletion satisfies independence of clones, but not the other rules.

Forbidden Triples satisfies clone-proximity, but not the other rules.

Failure to satisfy these axioms is mainly due to ties: rules always return 
the “correct” axis, but sometimes additionally return “incorrect” ones.
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> Axioms <

Centrists and Outliers

The axis rules we defined tend to push popular candidates towards the 
center, and unpopular ones towards the extremes.

Is it a bug or a feature?

Is this phenomenon more important for some rules?
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> Axioms <

Centrists and Outliers

An axis rule satisfies clearance if for any selected axis ▷, a never-approved 
candidates is never interfering with any ballots (a natural position is thus at 
the extremes).

An axis rule satisfies veto-winner centrism if for any profile in which every 
voter approve all but one candidate, for any selected axis ▷, the centrist 
candidate is the most approved one.

VD MF MS FTBC

VD MF MS FTBC
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> Axioms <

Summary of axiomatic analysis

Consistency with Linearity

Ballot Monotonicity

Independence of Clones

Clone-proximity

Clearance

Veto-winner centrism

VD MF BC MS FT 

*
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> Axioms <

Summary of axiomatic analysis

Consistency with Linearity

Ballot Monotonicity

Independence of Clones

Clone-proximity

Clearance

Veto-winner centrism

VD MF BC MS FT 
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> Axioms <

Summary of axiomatic analysis

Independence of clones

Ballot Monotonicity

Consistency with linearity

Clearance

Veto-winner centrism

Clone-proximity

VD MF BC MS FT 



[3] Experiments
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> Experiments <

Outline of experiments

1D Euclidean model

French presidential elections

Applause in French Parliament

Supreme Court of the US

Tier-lists: pop-culture and colors
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> Experiments <

Experiments on Euclidean data

A B C ED𝟎 𝟏

Voters and candidates have positions on the line 
(selected uniformly at random).

A

Positions of candidates define a natural axis.

Voters prefer (and approve) candidates that are closer to them.
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> Experiments <

Experiments on Euclidean data

A B C ED𝟎 𝟏

Voters have noisy observations of the candidates’ positions with 
normal noise of variance 𝜎 ∈ {0.1,0.2,0.3,0.4}.
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> Experiments <

Experiments on Euclidean data

A B C ED𝟎 𝟏

Voters have noisy observations of the candidates’ positions with 
normal noise of variance 𝜎 ∈ {0.1,0.2,0.3,0.4}.
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> Experiments <

Experiments on Euclidean data

AB C ED𝟎 𝟏

Voters have noisy observations of the candidates’ positions with 
normal noise of variance 𝜎 ∈ {0.1,0.2,0.3,0.4}.

Voters approve candidates that are at distance 0.2 ≤ 𝑟 ≤ 0.6 of them.

𝑟
𝐴 = {A, C}
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> Experiments <

Experiments on Euclidean data

AB C ED𝟎 𝟏

Voters have noisy observations of the candidates’ positions with 
normal noise of variance 𝜎 ∈ {0.1,0.2,0.3,0.4}.

Voters approve candidates that are at distance 0.2 ≤ 𝑟 ≤ 0.6 of them.

C ≻ A ≻ B ≻ D ≻ E

Voters rank candidates in decreasing distance order.
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> Experiments <

Experiments on Euclidean data

We measure the average Kendall-tau distance between the axes 
returned by the rules and the ground truth axis (here 𝜎 = 0.3).

𝑛 = 100 voters.

𝑚 = 7 candidates.

1000 iterations.
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> Experiments <

French presidential elections

These datasets can be found at 
theo.delemazure.fr/datasets.

Goal: ordering candidates to the 
French presidential elections.

Data: approval preferences 
collected in voting experiments 
between 2007 and 2022.

https://theo.delemazure.fr/datasets/
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> Experiments <

French presidential elections

R LO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PS LFI EM LR DLF UPRRN SP

Voter Deletion

Minimal Flips

Ballot Completion

Minimal Swaps

Forbidden Triples

Axes returned for the dataset of the 2017 Online experiment.

SP R UPR are “small” candidates that are hard to classify.
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> Experiments <

French presidential elections

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPRRN SP

RLO NPA PSLFI EM LR DLF UPR RNSP

RLO NPA PSLFI EM LR DLFUPR RN SP

BVA

IFOP

IPSOS

Harris

Elabe

We can compare to a baseline: axes used by poll institutes.
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> Experiments <

French presidential elections

Fig. Maximal Swap costs (per voter) of 
the optimal axes with all candidates 
and when we remove “small” 
candidates that are hard to classify.

2022: 1 candidate.
2017: 3 candidates.
2012: 1 candidate.
2007: 2 candidates.
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> Experiments <

Supreme Court of the US

For each case, justices can join opinions 
(majority opinion, dissenting opinion, 

concurring opinion)

One opinion = One ballot

65 terms between 1946 and 2021, with 𝑚 = 9 justices in average 
𝑛 = 240 opinions per term.
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> Experiments <

Supreme Court of the US

We compare our results to the 
baseline, called Martin-Quin 
method, based on a Bayesian 
method to assign position to 
justices based on the majority 
votes.

Fig. Evolution of the MQ positions 
of the justices through time.
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> Experiments <

Supreme Court of the US

Fig. Comparison between the axes returned by our rules 
and the Martin-Quinn axes. 
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> Experiments <

Supreme Court of the US

Fig. % of terms for which axes returned by different rules 
are perfectly matching.
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> Experiments <

Supreme Court of the US

Fig. Evolution of the axes for successive terms (MQ and FT).
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> Experiments <

Applauses in French parliament

How can we re-construct the left-right order of the French Parliament?
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> Experiments <

Applauses in French parliament

A ballot approving RN, EPR and HOR.

See the interactive tool

We have 𝑛 = 4842 applauses for 𝑚 = 10 groups. 

https://theo.delemazure.fr/blog/assemblee/applaudissements.html
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> Experiments <

Tierlists: pop-culture

Fig. Tierlist of Star Wars movies.
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> Experiments <

Tierlists: pop-culture

Fig. Tierlist of single-winner voting rules.
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> Experiments <

Tierlists: pop-culture

Table. Datasets of tierlist
collected from Tiermaker.com.

The approval ballots are the set 
of candidates ranked in the top 
category by the voter.
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> Experiments <

Tierlists: pop-culture

Fig. Axes returned by Forbidden Triples. Colors indicate 
groups of candidates (e.g., seasons or trilogy).
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> Experiments <

Tierlists: pop-culture

Fig. Distribution of the approval scores of candidates along 
the order of the axis returned by VD (left) or FT (right). Red 

indicate single-peaked distributions.
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> Experiments <

Tierlists: colors



68

> Experiments <

Tierlists: colors

𝑛 = 57 voters
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> Experiments <

Tierlists: colors

Fig. Colors axes returned by the axis rules.
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> Experiments <

Tierlists: colors

Fig. Colors axes returned by the axis rules.
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> Conclusion <

Experiments: conclusion

The rules can correctly identify clusters of similar candidates, and 
return axes close to the “natural” axes. 

The more information the rule uses (e.g., FT uses much more than 
VD), the better it seems to perform.

Unpopular or unknown candidates are pushed towards the 
extremes while popular candidates are pushed towards the center.



Conclusion and Extensions
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> Conclusion <

Conclusion: Take-away

Rules can be ordered on a spectrum from the least informational (VD) 
to the most informational (FT). Rules that use more information have 
more advantages in terms of axis quality, and the rules that use less 
information are easier to interpret. Ultimately, the choice of the rule 
should depend on the context of the application.
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> Conclusion <

Extensions

Greedy variants of the rule for fast computation and handling more 
candidates.

Variants for circular axes (horseshoe hypothesis).

Time-consistent variants of the rule (e.g., axis for year 𝑡 depends on 
the one from year 𝑡 − 1).

Variants considering the popularity of candidates.

Variants for incomplete information (approved, disapprove or unknown).
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> Thanks! <

Thanks for your attention!

Read the full paper. Read it in my thesis.
theo.delemazure.fr/storage/
thesis-theo-delemazure.pdf

theo.delemazure.fr/more/
candidate-ordering.pdf

https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/storage/thesis-theo-delemazure.pdf
https://theo.delemazure.fr/more/candidate-ordering.pdf
https://theo.delemazure.fr/more/candidate-ordering.pdf
https://theo.delemazure.fr/more/candidate-ordering.pdf
https://theo.delemazure.fr/more/candidate-ordering.pdf
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