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Abstract

Single-peakedness is one of the core concepts stud-
ied in social choice theory. When the preferences of
a population are single-peaked, this greatly simpli-
fies the process of collective decision making and
can offer deep insights into the internal makeup of
that population. Inspired by the needs of applica-
tions in the domain of digital democracy, we in-
vestigate how to generalise the concept of single-
peakedness from the classical model of voting with
ranked preferences to a richer and more flexible
model where preferences can be incomplete and
where they can include indifferences. We show that
a systematic analysis leads to a total of ten differ-
ent notions of single-peakedness, which we study
in axiomatic, algorithmic, and experimental terms.

1 Introduction

Social choice theory provides us with a rich set of tools to
analyse and aggregate the preferences of groups of individu-
als [Arrow et al., 2002; Brandt et al., 2016]. But the model
of preference typically assumed, where each individual ranks
all of the available alternatives from best to worst, is an ideal-
isation of the preferences we encounter in the real world. In
practice, a voter might be indifferent between two alternatives
or they might not rank them at all. This is true, especially, for
the preferences we might collect using an online platform,
where users spend little time while being confronted with
many alternatives. It is important to develop the theory of
social choice also for such richer models of preference—not
least in view of ongoing efforts at the interface of Al with Po-
litical Science to develop innovative solutions enabling truly
participatory democracy [Grossi et al., 2024].

We study the concept of single-peakedness [Gaertner,
2001; Elkind er al., 2025]. A profile of preferences, one
for each voter, is single-peaked if we can arrange the alter-
natives on which voters express preferences along an axis in
such a way that, for each voter, the alternatives to the left of
their most preferred alternative are arranged in increasing or-
der and those to its right in decreasing order of preference.
Single-peakedness is important for two reasons. First, when
preferences are single-peaked, we can circumvent many of

the field’s negative results, such as Arrow’s Theorem, mean-
ing it becomes easier to design good rules for collective de-
cision making. Second, being able to say along which axis a
given preference profile is single-peaked tells us much about
the alternatives and the internal make-up of the group of vot-
ers ranking them. So single-peakedness is useful both for
decision making and for preference analysis.

Our purpose here is to explore possible definitions of
single-peakedness when preferences might be incomplete and
when they might allow for indifferences. As we shall see,
there is no single obviously correct definition. We map out
the space of possible definitions and study their relationships,
we analyse the extent to which they can offer similarly pos-
itive guarantees as the definition for the classical model of
total preferences, and we use them to analyse real-world pref-
erence data, where the availability of multiple definitions al-
lows us to pinpoint different phenomena of interest.

We are going to identify ten different definitions of single-
peakedness. Why so many? In a nutshell, the idea is the
following (for full details see Section 3). In the classical
model, a preference profile is single-peaked if we can arrange
the alternatives along some axis such that, whenever alter-
native b is between alternatives a and c on that axis, every
voter will rank b strictly above a or strictly above ¢ (or both):
(b > a) V (b > ¢). In the classical model, whether we ask for
a strict preference of b over a, or a weak one—or indeed the
absence of either a strict or a weak preference of a over b—
makes no difference. But for our richer model, where we can
distinguish between strict and weak preferences, and between
present and absent preferences, any combination of choices
we make might, in principle, lead to a new notion of single-
peakedness. A careful analysis, avoiding double-counting of
equivalent definitions obtained by alternative means, yields a
total of ten notions of single-peakedness. If we restrict atten-
tion to weak preferences (no incomparabilities), this collapses
to three notions, and the same is true if we restrict attention
to partial preferences (no indifferences).

We demonstrate that this systematic enumeration leads to
meaningful notions of single-peakedenss of varying strength.
We also show that the computational difficulty of recognis-
ing whether a given profile of preferences is single-peaked
(relative to some suitable axis) differs for different notions of
single-peakedness. Maybe the main reason for the popular-
ity of single-peakedness in the literature is the fact that, in



the classical model, single-peakedness is a sufficient condi-
tion for avoiding the Condorcet Paradox: it ensures that we
can always select an alternative x such that no other alter-
native would beat x in a direct majority contest. At a tech-
nical level, this is due to single-peakedness guaranteeing the
transitivity of the majority relation, and we analyse for which
of our single-peakedness conditions we can (or cannot) give
corresponding guarantees. Finally, we use our definitions to
analyse real-world preference data in two case studies. Our
analysis shows that the choice of single-peakedness notion
can heavily impact results, in one case suggesting a possible
re-interpretation of the findings of an important study on con-
sensus finding in deliberative democracy [List et al., 2013].

Related work. The notion of single-peakedness was in-
troduced by Black [1948], who argued for it to be seen as
both a natural and a realistic domain restriction, and who
showed that it circumvents the Condorcet Paradox. While
nowadays it is well-understood that real-world electorates
cannot be expected to have perfectly single-peaked prefer-
ences [Feld and Grofman, 1986]—an effect we are also go-
ing to observe in the data we analyse in this paper—the
usefulness of single-peakedness as a tool for political anal-
ysis is nonetheless broadly accepted [Farrar et al., 2010;
Rad and Roy, 2021]. Indeed, single-peakedness is widely
studied in computational social choice [Elkind et al., 2025].
But a specific focus on incompleteness is rare when it comes
to the study of domain restrictions—even if more common in
other parts of the field [Lang, 2020; Terzopoulou, 2021].
Most closely related to our work, Fitzsimmons and Lack-
ner [2020] study the complexity of recognising single-peaked
profiles in a similar model as ours. But there are two
important differences. First, they do not consider general
preferences that allow for both indifference and incoma-
parability. Second, they interpret the absence of a prefer-
ence as epistemic incompleteness rather than inherent incom-
pleteness, and accordingly focus on the notion of possible
single-peakedness (looking for a completion of the partial-
preference profile that is single-peaked in the classical sense).
Elkind and Lackner [2015] study domain restrictions,
including single-peakedness, for dichotomous preferences,
which are a special class of weak preferences. Their focus
is on the impact such domain restrictions have on the com-
plexity of outcome determination for several voting rules.

Paper overview. After recalling common notation and ter-
minology in Section 2, we develop our definitions of single-
peakedness and analyse their relative strengths in Section 3.
Then, Section 4 is dedicated to our complexity results, Sec-
tion 5 to the analysis of the transitivity of the simple and the
absolute the majority relations, and Section 6 to our case stud-
ies on real preference data. Section 7 concludes. Additional
information is available in the supplementary material.

2 Preliminaries

In this section we define our model of voting, where pref-
erences can be incomplete and where voters can declare in-
difference between pairs of alternatives. This generalises the
classical model of voting with total orders [Zwicker, 2016].

Let N = {1,...,n} be a set of n voters and X a set of m
alternatives. Each voter ¢ € N has a preference =;, which
we take to be a preorder on X, i.e., a binary relation that is
reflexive and transitive. Given »=;, we write a »=; b (strict
preference) in case a »=; b but not b =; a. We often omit the
index ¢ from our notation in case the voter’s identity is clear
from context or not relevant. If both a >=; b and b >=; a hold,
we say that voter i is indifferent between a and b. If neither
a »=; bnor b »; a hold, we say that a and b are incomparable
from the point of view of voter .

In addition to being reflexive and transitive, a prefer-
ence »=; might also be complete (a *=; b or b >=; a for all
a,b € X), which rules out the possibility of incomparability,
and it might be antisymmetric (both a >=; b and b >=; a only
if @ = b), which rules out the possibility of indifference. We
say that >=; is a weak order if it is complete, a partial order if
it is antisymmetric, and a fotal order if it is both.

A profile is a vector = = (=1,...,=,) of preferences,
one for each voter. For a given profile »> and alternatives

a,b € X, we write IV, aib for the subelectorate consisting of
the set of voters who rank a above b in profile 3=.

3 Notions of Single-Peakedness

In this section we derive multiple notions of single-peaked-
ness for our enriched model as natural generalisations of the
classical notion of single-peakedness for total orders.

An axis is a strict linear order i> on the set of alternatives X .
We identify axes that differ only by reversal (in this sense,
the axes >y = abed and >y = dcba are equivalent). Given
an axis >, we say that alternative b € X is between a and c if
a>bi>c or c>b>a, and we denote this fact by Bet” (a, b, ¢)—or
equivalently by Bet” (¢, b, a).

Black’s original notion of single-peakedness of a profile of
preferences [Black, 1948] was intended for preferences that
are total orders. It relies on the idea that each voter has a
most preferred alternative (the peak) and that their preference
decreases as we move away from this peak, along either di-
rection of the axis. As is well-known [Elkind et al., 2025],
this condition can equivalently be stated in terms of between-
ness: if b is between a and c on the axis, then every voter
must strictly prefer b to a or strictly prefer b to ¢ (so there
must be no ‘valley’ in their preference). In other words, a
profile %= of total orders is single-peaked if Bet”(a, b, ¢) im-
plies (b >=; a) V (b >; ¢) for all voters i € N.

3.1 Generalising from Total Orders to Preorders

When generalising from total orders to arbitrary preorders,
conditions such as (b >=; a) can be rephrased in different
ways that would all be equivalent for the special case of total
orders. For instance, on might wish to accept that voter
is indifferent between a and b, or that they consider a and
b incomparable. For a preference > and an ordered pair of
alternatives (z,y) € X x X, we refer to the four possible
forms of preference using these predicates:

S(z,y) & (v =vy)
(x=y

(strict preference in favour)
(weak preference in favour)
(no weak preference against)
(no strict preference against)



When clear from context, we usually omit  and y and write
S rather than S(z,y), and so forth. Note that these predi-
cates satisfy the implications S = W = Sand S = W = S,
while W and W are incomparable to one another. Also note
that for total orders (and = # y) we get S =W =W = S.
These four different ways of generalising from the simple
form of preference appropriate when talking only about total
orders allow us to generalise the classical definition of single-
peakedness to preorders in a systematic way. For any two
predicates X, Y € {S, W, W, S} and any axis > on X, we say
that preference 3= is XY-single-peaked if it satisfies the fol-
lowing condition for any distinct alternatives a, b,c € X:

Bet”(a,b,c) = X(b,a) V Y(b,c)

Thus, if b is between a and ¢ (for either direction), we must
respect at least one of the two preference statements for b over
the other alternatives. A profile = = (3=1,...,%=,) is XY-
single-peaked if =; is XY-single-peaked for every i € N.

This definition yields a total of 4x4 = 16 notions of single-
peakedness. However, for any two X,Y € {S,W,W,S},
XY-single-peakedness is logically equivalent to YX-single-
peakedness, by symmetry of betweenness. Thus, we can re-
duce the number of distinct notions to (at most) ten. (We will
soon see that it is exactly ten.) L

The implications S = W = S and S = W = S induce
the lattice on the the remaining single-peakedness conditions
shown in Figure 1: if X = X and Y = Y’, then XY-
single-peakedness implies X'Y’-single-peakedness. But we
get one additional implication, WW =- SS, which is due to
the symmetry of the betweenness-relation. Indeed, assume
WW-single-peakedness holds and let b be between a and c.
Due to Bet”(a, b, ¢) < Bet”(c, b, a), condition WW entails:

(W(b,a) VW(b,c)) A (W(b,c) v W(b,a))
< (W(b,a) A\W(b,c)) V (W(b,a) A\W(b,a)) V
(W(b,c) AW(b,c)) vV (W(b,c) AW(b,a))
= W(b,c) Vv S(b,a)VS(c)VvW(b,c)
= S(b,c) vV S(b,a)V S(b,c)VS(b,c)
< S(b,a) Vv S(b,c)

We thus obtain SS, meaning that WW =- SS holds.

For the case of arbitrary preorders, we cannot reduce the
number of single-peakedness conditions any further. Indeed,
for each of the arrows in Figure 1 there exists an example for
a preference that is single-peaked for one but not the other
condition concerned (see supplementary material).

However, if we restrict attention to certain special classes
of preorders, the ten conditions collapse along two axes: on
weak orders, S = W and W = S (as there are no incompara-
bilities); on partial orders, S =W and S = W (as there are
no indifferences to distinguish strict from weak preference).
So for both weak and partial orders, the ten notions of single-
peakedness reduce to three equivalence classes each (as also
shown in Figure 1). Finally, as previously mentioned already,
for total orders, all ten notions coincide.

In the supplementary material, we provide informal de-
scriptions and illustrations of what preferences ‘look like’ un-
der each of our ten notions of single-peakedness.

s S(@,y) & (o> y)
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Figure 1: The lattice of single-peakedness conditions. For b between
a and ¢, condition XY should be read as X(b,a) V Y(b, c).

3.2 Comparison with Related Conditions

Let us now see how our definitions of single-peakedness re-
late to some of those previously studied in the literature. We
are not aware of any such definitions formulated specifically
for the general case of preorders, but sometimes existing con-
ditions can easily be adapted to our setting.

But let us first focus on the special case of weak orders.
Recall (from Figure 1) that when all preferences are weak or-
ders, there are just three distinct notions of single-peakedness:
SS, SW, and WW. Interestingly, for weak orders, they per-
fectly match three existing notions from the literature, namely
those discussed by Fitzsimmons and Lackner [2020]. These
authors define a preference to be necessarily single-peaked
on an axis if every way of breaking ties yields a single-peaked
total order on this axis (in Black’s sense). Similarly, a pref-
erence is possibly single-peaked if there is at least one way
of breaking ties such that we obtain a single-peaked total or-
der. Finally, a preference is single-plateaued [Moulin, 1984]
if the ‘peak’ might contain several tied alternatives but the
preference still decreases strictly as we move away from the
peak. In the context of weak orders, it is possible to show
that necessary single-peakedness coincides with SS, single-
plateauedness with SW, and possible single-peakedness co-
incides with WW.

If we generalise possible single-peakedness, the main con-
cept studied by Fitzsimmons and Lackner [2020], to all pre-
orders instead of just weak orders (by considering all ways of
completing preorders), it is not anymore equivalent to WW—
or any of our other conditions. To see this, observe that
(1) there exists a profile that satisfies WW-single-peakedness
but not possible single-peakedness and (i¢) there exists a
profile that satisfies possible single-peakedness but not WS-
single-peakedness. For part (i), consider a profile of total
preferences on six alternatives that is single-peaked on axis
> = abcdef but no other axis.! Add one voter i with prefer-

'The profile containing one voter with preference a > b > ¢ >
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Figure 2: Distribution of the number of axes compatible with a given
preorder for four alternatives, for each notion of single-peakedness.

ence {b >=; a,b >=; c,e =; d,e =; f} to this profile. The
resulting profile is WW-single-peaked on >, since the new
voter does not violate the condition for any triple. However,
no matter how we complete voter ¢’s preference, the resulting
profile will not be single-peaked on >, as there will be two
peaks, one at b and one at e. Since the original profile was
only single-peaked on axis >, the completed profile will not
be single-peaked on any axis. Thus, the profile is WW-single-
peaked but not possibly single-peaked. For part (ii), take a
profile on three alternatives of total preferences such that the
only axis on which it is single-peaked is > = abc and add
one voter ¢ with preference {c¢ >; b}. The resulting profile is
possibly single-peaked but not WS-single-peaked, as for the
new voter we do not have either (b 3=; a) or —(c >; b).

3.3 Strength of Conditions

To get a better idea of the relative strengths of the different
notions of single-peakedness, we generated all possible pre-
orders for m = 4 alternatives (355 in total) and computed
for each of them the number of axes with respect to which
it is single-peaked, for each of our ten notions of single-
peakedness.> The results are shown in Figure 2. At one ex-
treme, for the strongest notion (SS), all preorders are com-
patible with at most one third of the axes, and more than
30% of the preorders are not compatible with any axis at
all. At the other extreme, for the weakest notion (SS), all
preorders are compatible with at least one third of the axes,
and more than 20% of the preorders are compatible with all
axes. Note that any full ranking is single-peaked with respect
to exactly one third of the axes, regardless of the notion of
single-peakedness considered.

We also counted the number of preferences compatible
with a given axis for four alternatives, for each of our notions
of single-peakedness. The results are included in the supple-
mentary material and confirm the trend observed in Figure 2.

4 Recognising Single-Peakedness

In this section we study the computational complexity of the
algorithmic problem of recognising whether a given profile of

d > e > f and one voter with the reverse order is such a profile.
There are m!/2 = 12 relevant axes (up to axis reversal).

preferences is single-peaked. There are two natural variants
of that problem: one where we want to check whether the
profile at hand is single-peaked for a specific given axis and
one where we want to decide whether it is single-peaked for
some axis. The first problem is easily seen to be tractable.

Proposition 1. For a given profile of preferences and a
given axis on the alternatives, deciding whether that profile
is single-peaked with respect to that axis is in PTIME, for
any of our ten notions of single-peakedness.

Proof. Immediate from the fact that the naive algorithm that
checks the relevant single-peakedness condition for all triples
(a, b, c) with Bet” (a, b, ¢) runs in time cubic in the number of
alternatives and linear in the number of voters. O

The other problem is more demanding. We now define it for-
mally, relative to a single-peakedness condition C' (such as
SW) and a class of preferences R (such as the weak orders).

JAXIS(C,R)

Instance: Profile = € R"™ of preferences belonging to R
Question: Is 3= is C-single-peaked w.r.t. some axis?

It is well-known that for the classical model of voting with
total orders, JAXIS can be decided in polynomial time
[Bartholdi and Trick, 1986; Doignon and Falmagne, 1994;
Escoffier et al., 2008]. Fitzsimmons and Lackner [2020] stud-
ied the problem for the notion of possible single-peakedness
and found it to be NP-hard for partial orders but polynomial
for weak orders. In the remainder of this section we study the
complexity of JAXIS for our setting and find that it depends
not only on the class of preferences considered but also on the
specific single-peakedness condition we are interested in.

4.1 Intractability Results

The problem FAXIS turns out to be intractable for three of our
single-peakedness conditions. As we saw in Section 3.2, all
our conditions differ from that of possible single-peakedness
studied by Fitzsimmons and Lackner [2020], so their results
do not apply here. Still, we can use a very similar proof.

Theorem 2. JAXIS is NP-hard for C-single-peakedness for

any C € {SS,WS,WW}, even for partial orders.

Proof. We prove the claim for SS. The other two claims then
follow from the fact that SS, WS, and WW coincide for the
special case of partial orders (see Figure 1).

Consider an arbitrary instance of the NP-hard TOTAL OR-
DERING problem [Opatrny, 19791, where one is given a set of
betweenness-statements regarding multiple objects and has to
decide whether those objects can be ordered in a way that re-
spects all statements. We interpret the objects involved as
alternatives, and for every statement of the form “b is be-
tween a and ¢’ we create two voters, one with preference
{b = a,c = a} and one with preference {a = ¢,b > c}. Any
axis for which both preferences are SS-single-peaked must
place b between a and c—and the two preferences constructed
do not impose any further requirements on top of this. In par-
ticular, declaring incomparability for all other pairs of alter-
natives is compatible with SS. Thus, we get a direct corre-
spondence between potential solutions to the given instance



of TOTAL ORDERING and the constructed instance of JAXIS,
meaning that JAXTS must be NP-hard as well. O

Observe that our proof cannot be adapted to weak orders, be-
cause for weak orders we always need to rank all alternatives.
Similarly, even for partial orders, it cannot be adapted to the
other single-peakedness conditions. For instance, SS is vio-
lated if a preference includes too many incomparabilities.

4.2 Tractability Results

Not only does our hardness proof not apply to the other
conditions, but FJAXIS really is tractable in those cases—
independently of the class of preferences considered.

Theorem 3. JAXIS is in PTIME for C-single-peakedness for
any C' € {SS,SW,SW, WW,SS, WW, WS}.

Proof. We provide a proof for SS. The other proofs are sim-
ilar (see supplementary material).

The proof works by reduction to the CONSECUTIVE ONES
problem [Booth and Lueker, 1976], which is known to be
solvable in polynomial time. In that problem, one is given
a binary matrix and has to decide whether its columns can be
permuted in such a way that, in every row, all 1s appear con-
secutively. Let 3= be a preference profile. We will construct
a binary matrix M such that % is SS-single-peaked with re-
spect to some axis if and only if M has the consecutive-ones
property. We number the alternatives 1, ..., x,, such that
the columns of M correspond to x1, ..., %, in that order.
Then, every axis > corresponds to exactly one permutation 7
of the columns of M, where z; is in position 7(j) on the axis
(assuming an arbitrary left-right orientation of the axis). We
denote by . the permutation corresponding to axis b.

Informally, for a preorder to be SS-single-peaked with re-
spect to an axis b, its ‘peak’ must contain at most two alter-
natives (that can be tied or incomparable), and moving away
from the peak on either side, preferences must always strictly
decrease. Let TOP; = {a € X : (b =; a) forno b € X} the
set of non-dominated alternatives for voter i. Then, for every
voter ¢, we create the following rows in M:

¢ Peak rows: For all a,b € TOP; with a # b, create a row
P;[{a,b}, ] with P;[{a,b},z] = 1iff € {a,b}.

¢ Upward-closure rows: For all @ € X, create a row
U;[a, ] with U;[a,z] = 1iff 2 >=; a or x = a.

The first type of row ensures that the peak contains at most
two alternatives that are next to each other, while the second
type of row ensures that preferences strictly decrease as we
move away from the peak.

We are done if we can prove that 3= is SS-single-peaked
with respect to axis > if and only if M has the consecutive-
ones property for the corresponding permutation . This is
what we are going to show in the remainder of the proof.

(=) Assume that 3= is SS-single-peaked with respect to .
For the sake of contradiction, suppose there exists a row in M
where the 1s are not consecutive after permuting the columns
according to m,. So there are alternatives a,b,c € X with
Bet” (a, b, ¢), yet in this row the cells in the columns associ-
ated with a and c equal 1 and those in the column associated
with b equal 0. We distinguish two cases:

* Peak row: Let P;[{a, c}, ] be such a row. Since both a
and c are in TOP;, neither b >; a nor b ; c are the case,
thereby contradicting SS-single-peakedness.

» Upward-closure row: Let U;[z, -] be such a row. We
have a =; x ora = z, and ¢ =; x or ¢ = x, while
b #; x and b # z. By transitivity of }=;, this implies
that neither b ~; a nor b =; ¢ can be the case, which
contradicts SS-single-peakedness.

(<) Assume that M has the consecutive-ones property for
permutation 7. For the sake of contradiction, suppose there
exist a voter i and alternatives a, b,c € X with Bet”(a, b, c)
such that neither b >=; a nor b >; c¢ holds. Take a’ such
that @’ € TOP; and @’ >=; a or @’ = a (such an alternative
exists by transitivity of 3=;). Note that ¢’ and a (if distinct)
are on the same side of b on & (that is, =Bet” (a, b, a’)), since
otherwise row Uj[a, -] would contain a 1 for a and o/, but
not for b, contradicting the consecutive-ones property. Sim-
ilarly, take ¢’ € TOP; such that ¢/ =; c or ¢ = c¢. We also
have —Bet” (¢, b,¢’). Since a’ and a are on the same side
of b, since ¢’ and c are on the same side of b, and since we
have Bet”(a, b, ¢), we must have Bet”(a’, b, ¢’). Now, since
a’,c € Top;, row P;[{a’, ¢}, ] contains 1s for ¢’ and ¢/, but
not for b, contradicting the consecutive-ones property. O

Theorems 2 and 3 together provide a complete dichotomy as
far as arbitrary preferences and partial orders are concerned.
For weak orders, we get tractability for all ten conditions.

Corollary 4. For weak orders, AAXIS is in PTIME for any
of our ten notions of single-peakedness.

Proof. Immediate from Theorem 3, given that for weak or-
ders each of our ten conditions is equivalent to one of the
seven conditions covered by that theorem (see Figure 1). [J

For possible single-peakedness Fitzsimmons and Lackner
[2020] also establish tractability (using a similar approach).

5 Transitivity of Majority Relations

In the classical model of voting, single-peakedness guaran-
tees the existence of an alternative that will not lose a direct
majority contest to any other alternative—this is the so-called
(weak) Condorcet winner. This is a consequence of single-
peakedess guaranteeing the transitivity of the majority rela-
tion. In this section we explore to what extent we can give
similar guarantees for our ten notions of single-peakedness.
While in the classical model the notion of ‘majority’ is un-
ambiguous, in our model we can distinguish between sim-
ple and absolute majorities. We say that a is preferred by a
simgle majority to b in profile = and write a gy b in case
IN7_,| > |Nb>;a|. And we say that a is preferred by an abso-

a=b
lute majority to b and write a =,y b in case N7, | > 2.3

3As an aside, we note that other definitions of absolute majority
are possible: we could also count the number of voters who weakly
prefer a to b or who do not strictly (or weakly) prefer b to a. We
focus on >4 as defined here, as it most closely aligns with common
usage [Dougherty and Edward, 2010]. Also note that, for the simple
majority relation, all of those alternative definitions would coincide.



5.1 Simple Majority
Let us first review an example where transitivity of the simple
majority relation cannot be guaranteed.

Example 1. Consider the following profile with seven voters:
3 2 2
o ¢ b2 c
NEVA
\l a — b
c —

W/

Observe that these are all weak orders that are WW-single-
peaked for axes with b between a and c. Yet, the simple ma-
jority relation is cyclic, with a gy b =gy € >=su @. A
But for the two single-peakedness conditions that are strictly
more demanding than WW (see Figure 1) we can show that
such a cycle can never occur, as gy will be transitive.

Theorem 5. Forany C € {SS, SW}, for any preference pro-
file = that is C-single-peaked the corresponding simple ma-
Jority relation gy is guaranteed to be transitive.

Proof. We prove the claim for SW. The claim for SS, which
implies SW (see Figure 1), then follows immediately.

Consider any profile 3= that is SW-single-peaked w.r.t.
some axis >. Suppose a =gy b and b =gy ¢ (so we need
to show a >gy ¢). We distinguish three cases, based on how
these three alternatives are located on >: (1) a is between b
and c; (2) b is between a and c¢; (3) ¢ is between a and b.

(1) If a is between b and ¢, SW requires (a >; b)V (a =; ¢)
and (a =; b) V (a >; c) for every voter i. By the latter and
transitivity of individual preferences, b >; c implies a >; c.
Similarly, ¢ >; a implies ¢ >=; b. Now, b >, ¢ means that
strictly more voters ¢ accept b >; cthan ¢ >; b. As any voter ¢
with b >; c also accepts a >; ¢, and any voter ¢ with ¢ >; a
also accepts ¢ >; b, strictly more voters accept a >; ¢ than
¢ >; a, meaning we get a >y c as claimed.

(2) If bis between a and ¢, SW requires (b >; a) V(b i=; ¢)
and (b »=; a) V (b >; ¢). Again, using these conditions and
transitivity, we find that a >; b implies @ >; c; and ¢ >;
a implies b >; a. Now, a >gy b means that strictly more
voters ¢ accept a >; b than b >; a. Thus, also more voters
accept a >; c than ¢ >; a, meaning we get a >gy C.

(3) If ¢ is between a and b, SW requires (¢ >; a) V(¢ =; b)
and (¢ 3=; a) V (c =; b). Then b =; c implies b >; a; and
a >; bimplies ¢ >; b. So we get both |Nb>;c| < |Nb>;a|

and |N;”;b\ < |N;”;b . Together with a@ >y b, this implies

|Ncib| > |N1ic|’ contradicting our assumption b >gy c. So
this case cannot occur, meaning the claim always holds. [

Example 1 demonstrates that Theorem 5 does not generalise
to C' € {WW, WS, SS}. Considering the profile of three vot-
ers with one reporting the total order {a > b,b > c¢,a > c}
and the other two the partial order {c¢ > a} does the same for
all remaining conditions. We thus have a complete dichotomy
for which single-peakedness conditions can and cannot guar-
antee transitivity of the simple majority relation. In fact, we
also obtain such dichotomies for the special cases of par-
tial orders (only the most demanding condition can guaran-
tee transitivity) and weak orders (only the least demanding
condition cannot guarantee transitivity).

5.2 Absolute Majority
Let us now consider the absolute majority relation.

Theorem 6. Forany C € {SS, SW}, for any preference pro-
file = that is C-single-peaked the corresponding absolute
majority relation >,y is guaranteed to be transitive.

The proof is similar to that of Theorem 5 and included in the
supplementary material. Example 1 can serve as a counterex-
ample for WW (and the conditions implied by it) also here.
But for SW (and the conditions implied by it that are not yet
covered by WW) we require a new example. The seven-voter
profile in which three voters report {b > a,a = ¢,b > c},
two report {b >~ a}, and two report {a > ¢} (all of which
are partial orders) is SW-single-peaked but gives rise to a cy-
cle in the absolute majority relation. We thus obtain the same
three dichotomies as for the simple majority relation.

6 Case Studies

When analysing real-world preference data, having multiple
notions of single-peakedness at our disposal is useful, and the
choice of notion can heavily impact the results obtained. In
this section, we illustrate this fact with two case studies.

For both of them, the preferences take the form of top-
truncated rankings, which can be interpreted as partial orders,
with some alternatives ranked at the top and the rest being
incomparable to one another.* This leaves three different no-
tions of single-peakedness to consider: SS, SS, and SS.

Clearly, it is unlikely that real-world preference data will
be perfectly single-peaked for any of the notions considered.
Therefore, we focus on measuring the maximal proportion of
voters whose preferences are single-peaked with respect to
at least one common axis, similarly to the measure proposed
by Niemi [1969]. For each profile and each of the three no-
tions of single-peakedness considered, we compute the axis
that maximises this proportion. More demanding notions will
typically yield lower maximal proportions.

6.1 Scottish Election Data

First, we consider a dataset containing votes cast during Scot-
tish local elections. This dataset was collected by McCune
and Graham-Squire [2024] and analysed by Bardal et al.
[2025]. On this dataset, we observe that SS and SS always
coincide.> We grouped the data by the number of alterna-
tives, and for each group, we computed the maximal number
of voters whose preferences are single-peaked for the same
axis, according to both SS and SS.

The results are shown in Figure 3. We also highlight the av-
erage share of voters with preferences that cannot be single-
peaked for any axis (which happens for SS), and the aver-
age share of voters with preferences that are single-peaked
for all axes (which happens for SS). We observe that the av-
erage best score for SS does not change significantly with the
number of alternatives, while the average best score for SS
decreases rapidly when the number of alternatives increases,

* Alternatively, top-truncated rankings can be interpreted as weak
orders, with all unranked alternatives tied at the bottom. This change
in interpretation does not affect the findings we report in this section.

5This is so because there are no empty preferences in the data.
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Figure 3: Maximal proportion of voters with single-peaked prefer-
ences (over all axes) in Scottish local election data, averaged over
all elections with the same number of candidates. Descending his-
togram bars indicate the share of voters with preferences not single-
peaked for any axis (to be read on an inverse scale at 100% — y).

mainly due to the increasing share of voters with non-single-
peaked preferences for any axis (as any voter who did not
rank three or more alternatives cannot satisfy SS on any axis).

6.2 Deliberative Poll Data

In an influential paper on deliberative polls, List et al. [2013]
analysed preferences of voters before and after deliberation
on a set of policy proposals. They found that in almost all
of their datasets, deliberation increases the degree of single-
peakedness of participants’ preferences. This would sug-
gest that deliberation is helpful in finding some sort of meta-
consensus, an axis on which most participants agree. As it is
well-known that it is easier find a Condorcet winner when
preferences are (approximately) single-peaked, this finding
would also suggest that deliberation helps in reaching better
and more stable collective decisions.

However, the notion of single-peakedness List e al. use
corresponds to SS, which is the most restrictive notion. We
re-analysed their data using the two other relevant notions of
single-peakedness, SS and SS, and the original conclusions
of List et al. cannot be upheld for these alternative notions.
Figure 4 shows the results for one of their datasets, swepco,
which contains preferences of participants on energy policies.
The results presented by List et al. correspond to the left-
most bars in the figure, for which we clearly observe an in-
crease in single-peakedness after deliberation. However, note
that before deliberation, a large fraction of voters had pref-
erences that were incompatible with SS on any axis (as indi-
cated by the top grey bar). This is because before deliberation
many participants did not provide any preference at all, which
makes it impossible for their preferences to be SS-single-
peaked. On the other hand, these participants would automat-
ically be considered as satisfying SS. Therefore, when con-
sidering SS, we observe a decrease in single-peakedness af-
ter deliberation. The decrease is even more pronounced when
considering SS. As shown in the supplementary material, a
similar pattern can be observed for many of the other datasets

100%
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Figure 4: Maximal proportion of voters with single-peaked prefer-
ences (over all axes) in the swepco dataset, before and after deliber-
ation with different notions of single-peakedness.

analysed by List et al., suggesting that most of the increase in
single-peakedness is actually due to a reduction in the num-
ber of participants with incomplete preferences rather than to
a genuine increase in agreement on an axis. This example il-
lustrates how the choice of single-peakedness notion can sig-
nificantly impact the conclusions drawn from real-world data.

7 Conclusion

Starting from the classical definition of single-peakedness ex-
pressed in terms of betweenness, we explored the space of
natural generalisations of this definition to profiles of pref-
erences that might include both indifferences and incompa-
rabilities. We identified and systematically studied the ten
resulting notions of single-peakedness in algorithmic terms
(analysing the complexity of recognising when such a condi-
tion is met), in axiomatic terms (analysing when a condition
guarantees transitivity of majority preferences), and in prac-
tical terms (by applying our conditions to real-world prefer-
ence data). We found significant differences between alterna-
tive definitions along each of these dimensions.

One now might wonder what the ‘right’ definition of
single-peakedness is. The answer clearly will depend on con-
text, but one main take-away, especially of our experimental
observations, is that having multiple definitions at hand can
be useful. Having said this, the three conditions along the
‘southeastern’ diagonal in Figure 1 (SS, WS, WW) arguably
are somewhat less attractive. Due to their permissive nature,
they are further removed from the original intuitive idea of
‘single-peakedness’, they are NP-hard to recognise, and they
cannot guarantee the transitivity of majority relations.

In other work on single-peakedness in computational so-
cial choice, the interest is frequently in the computational
complexity of outcome determination for voting rules when
profiles are single-peaked [Elkind et al., 2025]. This is a
natural direction for future work also in our setting—even
though for incomplete preferences it is less clear which vot-
ing rules one should focus on [Terzopoulou, 2021]. Further-
more, it would be interesting to explore notions of approxi-
mate single-peakedness for our setting [Tydrichovd, 2023].
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